We analyze the contribution of the inhomogeneous magnetic field induced by an electrical current to the spin Hall effect in metals. The Zeeman coupling between the field and the electron spin leads to a spin dependent force, and to spin accumulation at the edges. We compare the effect of this relativistic correction to the electron dynamics to the features induced by the spin-orbit interaction. The effect of current induced magnetic fields on the spin Hall effect can be comparable to the extrinsic contribution from the spin-orbit interaction, although it does not require the presence of heavy elements with a strong spin-orbit interaction. The induced spins are oriented normal to the metal slab.
Introduction. The passage of an electric current in a metallic sheet leads to the accumulation of spin at its edges, the Spin Hall Effect (SHE). This phenomenon, related to the accumulation of charge when a current is induced in a ferromagnet, the Anomalous Hall Effect (AHE) has opened new ways of manipulating spins in metals. A natural explanation of the SHE and AHE can be given in terms of the spin-orbit interaction 1 . For the SHE, either spin dependent scattering due to impurities 2 , or the action of an intrinsic interaction on accelerating carriers 3, 4 can lead to the deflection of spin currents, and to spin accumulation at the edges, see Fig . [1] . The nature of the SHE and the AHE are discussed in detail in refs. 4, 5 .
In the following, we analyze an additional contribution to the SHE, arising from the existence of non-homogeneous magnetic fields within the metallic sheet, see Fig . [2] . These fields give rise to a spatially dependent Zeeman energy, and to lateral forces on the carriers, whose sign depends on the spin. As a result, a gradient in the spin density within the sample is induced. It will be shown that this mechanism gives rise to spin imbalances comparable to those derived from the extrinsic and intrinsic mechanisms mentioned earlier.
Our analysis does not rely explicitly on the existence of a strong spin orbit coupling, so that it can be generalized to metals made from light elements (note, however, that the Zeeman energy can be considered a relativistic effect which arises from the Dirac equation which describes the electrons). The main features of the model are described next. Then, semi quantitative estimates of the spin accumulation induced by inhomogeneous magnetic fields are made, and compared to the results derived from the contributions to the SHE from extrinsic and intrinsic spin-orbit interactions. Finally, the main conclusions and possible extensions will be presented. We use CGS units throughout the manuscript. This choice helps us to highlight the way in which relativistic corrections enter in the analysis. Inhomogeneous magnetic fields in current carrying metallic sheets. We consider a thin metallic sheet, of dimensions ℓ , ℓ and ℓ , with ℓ ≪ ℓ , ℓ , see Fig.[1] . We assume a constant current density per unit area, along the direction. This current induces at the plane of the sheet, a magnetic field along the direction. In the limit ℓ ≫ ℓ , ℓ and ℓ ≪ ℓ , the field is 6 (see also the Supplementary Information)
The label stands for the current density, = (ℓ ℓ ) ⁄ , where is the total current. Throughout most of the sheet the field can be well approximated by function proportional to the coordinate 6 ,
This is the field measured in a frame of reference at rest. In the frame of reference where the current carriers are at rest a positive current, associated with the ions, can be defined. This current induces an opposite magnetic field, which is felt by the carriers. The Zeeman energy associated to this field is
Where = ( ℏ) (2 ) ⁄ is Bohr's magneton. As a result, a force acting on the spin of the carriers arises
This force is sketched in Fig.[2] . Figure 2 . Sketch of the inhomogeneous magnetic field created by a current, and the associated Zeeman forces.
Numerical estimates. Magnetic field. The magnetic field induced by the current, given in eq. (1), is maximum at the edges of the sample, ≈ ℓ 2 ⁄ ,
For typical current densities, ≈ 10 7 A × m −2 and ℓ ≈ 100 nm we obtain ≈ 10 −2 G. This field is much lower than typical fields used in experiments. We assume that the orbital polarization induced by a magnetic field of this magnitude is negligible. As mentioned before, we focus on the spin dependent forces induced by the gradient of this field.
Numerical estimates. Hall angle. The spin Hall angle, obtained from eq.(4), is described in the Supplementary
Information. An approximation based on a three dimensional nearly free electron model for the carriers gives, see eq.(A5):
Where is the Hall angle, is the Fermi wavevector, ≈ 0.53 Å is the Bohr radius, and ℓ is the mean free path. The factor 137 2 in the denominator of the r.h.s. in eq.(6) contains the fine structure constant, and it highlights the relativistic origin of the effect.
Eq.(6) applies to metallic samples with light elements, where only impurities with heavy elements can lead to a spin Hall effect. Experiments with Al samples were reported in 6 . We assume that ≈ 1.7 Å −1 , ℓ ≈ 10 2 and ℓ ℓ ⁄ ≈ 1 5 ⁄ . We obtain ≈ 2.3 × 10 −4 . This value is of the same order of magnitude as the results reported in 8, 9 (see also 10, 11 ). The estimate in eq. (6) is valid for nearly free electron systems, where the effective mass is approximately equal to the free electron mass, ≈ . The value of in eq. (6) is enhanced by a factor ⁄ if the two masses differ significantly, as in transition metals.
A similar analysis to the one leading to eq.(6), but for a quasi-two dimensional electron gas where only one subband is occupied gives, see eq.(A6)
The dependence of the angle on the fine structure constant implies that, ∝ −2 , where is the velocity of light. This is the same as the one expected for the extrinsic contribution from skew scattering effects, see below. This may complicate the experimental separation of the contribution from the field gradient discussed here from that of skew scattering. A plot of the dependence of on elastic scattering and on the aspect ratio of the sample, using. Eq.(6), is shown in Fig.[3] .
Ref. [2] suggested the measurement of the Spin Hall Effect through the voltage induced in a strip connecting the edges of the sample. This setup does not necessarily work for the detecting the contribution discussed here, as the current induced magnetic field can also affect the electrons in the strip, see discussion in the Supplementary Information. Comparison to the skew scattering contribution to the Spin Hall Effect. We first estimate the combined effect of the spin scattering interaction and defect scattering following ref. [2] . We assume that the effect of the impurities is roughly equivalent to the effect of a magnetic field equal to the magnetization due to the carriers with a given spin, ≈ ℏ ↑ where ↑ is the density per unit volume of carriers with spin up. The associated force is
Where v is the carrier velocity. Using ≈ v( ↑ + ↓ )ℓ ℓ , we obtain
Which leads to a spin Hall angle
So that, using eq. (6), we obtain ≈ 8 ℓ ℓ (12) Note that this estimate of in eq. (10) gives an upper bound to its actual value, as the analysis assumes that the spin dependent scattering induced by impurities leads to an effective field comparable to the one generated by the total spin of the carriers in the metal. A general discussion of skew scattering effects, following the original ideas 12, 13, 14 , can be found in 15 . A different estimate of based on a two dimensional nearly free electron model and the Boltzmann equation is given in the supplementary information, see eq.(A17), and it gives
Where ℓ is a mean free path associated to the impurities which induce the skew scattering. Using this estimate, and comparing to eq. (7), we find
It is finally interesting to note that three dimensional scattering by impurities with spin-orbit coupling, described generically by terms such as ( ⃗) ≈ 0 ⃗⃗ ⃗ ( ⃗), do not favor a particular spin orientation. This scattering is expected to dominate in metallic systems where many subbands are occupied, such that ℓ ≫ −1 . In these samples, there is no preferred spin orientation which spontaneously will accumulate at the edges (note this in not the case for experiments where a spin polarized current is injected). On the other hand, the magnetic field induced by the current considered here selects a spin orientation, and always leads to a spin accumulation at the edges.
Other contributions to the Spin Hall Effect.
A similar analytical semi-quantitative comparison between the current induced SHE discussed here and the intrinsic contribution of the spin orbit interaction is not possible. Simple estimates based on the Rashba interaction give vanishing effects 16 , once leading effects due to impurities are taken into account 4, 5, 6 . More involved calculations using the Berry curvature in complex, spin dependent, models for the bands of transition metals suggest the the SHE conductivity can be written as 17, 18 ≈ 4 × 〈 ⃗ ⃗〉 ℏ 2 (15) Here, is the lattice constant, and 〈 ⃗ ⃗〉 is the average over the Fermi surface of the product of the orbital angular momentum and the spin, which depends on the strength of the spin orbit interaction. The value of 〈 ⃗ ⃗〉 is determined by the intrinsic spin orbit interaction in the material, which typically scales as −2 . Hence, the current contribution to the spin Hall voltage, the contribution from skew scattering, and the intrinsic contribution all arise from relativistic effects, and show the same dependence on the velocity of light. Note that the intrinsic contribution changes the conductivity, see eq. (15) .
There is finally a contribution to the spin Hall effect from side jump scattering. To our knowledge, there are not reliable techniques to extract simple estimates of the magnitude of these processes. We cannot compare the role of the current induced field considered here to that of side jump scattering.
Conclusions.
We have analyzed the contribution to the spin Hall effect of the magnetic field associated to the current flowing through a metallic sample. The spin accumulation at the edges arises from the Zeeman coupling to the inhomogeneous magnetic field which exists within the sample. The gradient of the Zeeman coupling acts like a force which accelerates the carriers in the direction perpendicular to the current, in opposite way for spin up and spin down electrons, where the spins are oriented along the magnetic field. This effect is relativistic in nature, and its contribution to the spin Hall angle depends on the value of the velocity of light as ∝ −2 , similarly to the (extrinsic) contribution from skew scattering processes.
The current induced spin accumulation is linearly proportional to the scattering time or the transport mean free path, also like the contribution from skew scattering. Hence, it should dominate in clean samples, with ℓ ≫ 1.
Estimates from simple models suggest that the effect of the current induced magnetic field should be at least comparable to that of skew scattering.
The current induced spin Hall effect depends on the aspect ratio of the sample, through the ratio ℓ ℓ ⁄ , where ℓ is the thickness, and ℓ is the width. Hence, it is not a unique property of the material. This can explain the broad distribution of Hall angles for the same material reported in the literature. In contrast with the effect of skew scattering, the current induced spin Hall effect does not require the existence of a strong spin-orbit interaction, either due to heavy ion impurities or intrinsic to the material. Hence, it should be present in any sample, and play a significant role in light metal materials, such as Al.
Samples which are far from being quasi-two dimensional, ℓ ≫ 1, typically do not have a preferred spin orientation, so that transverse spin currents due to skew scattering will average to zero. The current induced magnetic field provides a preferred spin direction, enhancing the robustness of the spin Hall effect.
